Let A be the path algebra of a quiver Q with no oriented cycle. We study geometric properties of the Grassmannians of submodules of a given A-module M . In particular, we obtain some sufficient conditions for smoothness, polynomial cardinality and we give different approaches to Euler characteristics. Our main result is the positivity of Euler characteristics when M is an exceptional module. This solves a conjecture of Fomin and Zelevinsky for acyclic cluster algebras.
Introduction
Let M be a finite dimensional space on a field k. The Grassmannian Gr e (M, k) of M is the set of subspaces of dimension e. It is well known that Gr e (M, k) is an algebraic variety with nice properties. For instance, the linear group GL e (M, k) acts transitively on Gr e (M, k) with parabolic stabilizer, hence the variety Gr e (M, k) is smooth and projective.
Suppose now that M has a structure of A-module, where A is a finitely generated kalgebra. It is natural to define the Grassmannian Gr e (M, A) of A-submodules of M of given dimension e. It is a closed subvariety of Gr e (M, k), hence it is a projective variety. But in general this variety is not smooth.
Let Q be a finite quiver with no oriented cycle and let A := kQ be the path algebra of Q. Then, A is a finite dimensional algebra with minimal idempotents e i , i ∈ Q 0 , where Q 0 is the set of vertices of Q. The A-module M has a dimension vector dim(M ) := (dim(e i M )) i ∈ N Q 0 which refines the notion of dimension. The Grassmannian Gr e (M, A) splits into a disjoint union of closed subvarieties Gr e (M, A) of submodules of M with given dimension vector e such that i e i = e. Hence it is natural to study the geometric properties of the so-called quiver Grassmannian Gr e (M ) := Gr e (M, A).
The quiver Grassmannian can be found in [11, 20] in connection with the dimension of spaces of morphims of kQ-modules. It plays an important role in Fomin-Zelevinsky's theory of cluster algebras, [12] . Indeed, as proved in [3] and [8] , Euler characteristics χ c (Gr e (M )) of quiver Grassmannians define sets of generators of cluster algebras in the acyclic type.
To be more precise, consider the ring of Laurent polynomial Z[x ± i , i ∈ Q 0 ] and for any (f.d.) kQ-module M with dimension vector m = (m i ), set:
where Q 1 is the set of arrows of Q, and s(h), t(h) are respectively the source and the target of the arrow h. Then, it is known that a set of generators of the cluster algebra is given by {X M } where M runs over the set of exceptional modules, i.e. modules with no self-extension. These generators are called cluster variables. Moreover, the set {X M }, where M runs over the set of f.d. modules is (at least conjecturally) a Z-base of the cluster algebra which is an analogue of Lusztig's dual semicanonical base, [9] . The aim of the paper is to study geometric properties of quiver Grassmannians, and in particular to understand their Euler characteristics.
In the first section with give an inductive formula to compute χ c (Gr e (M )) when M is a preprojective (or postinjective) module. This uses the Auslander-Reiten algorithm of construction of the preprojective representations and in particular the notion of almost split sequences. Unfortunately, it is not clear from the inductive formula that the characteristics χ c (Gr e (M )) are positive.
The second section is devoted to positivity. On the one hand, a well-known result of J. A. Green and C. Ringel (see [5, 19] ) asserts that quantum groups can be realized as deformed Hall algebras of the category mod kQ and so χ c (Gr e (M )) can be realized as coefficients of some convolution product in a PBW-basis. On the other hand, we know that Lusztig's canonical basis of quantum groups has nice positivity properties. We obtain two results from these remarks:
First, proposition 3 asserts that if the quiver Grassmannian Gr e (M ) | Fq is counted by a polynomial of q, then its characteristics is positive.
Our second positivity result, theorem 1, solves a conjecture of Fomin and Zelevinsky for acyclic cluster algebras. It states that χ c (Gr e (M )) is positive if M is an exceptional module.
Recall that the positivity in the Dynkin case was proved in [7] . With the help of proposition 3, we generalize this result for extended Dynkin quivers in section 3: the Euler characteristics is positive for any representation M on an extended Dynkin quiver. Actually, what we need is a polynomiality property of the quiver Grassmannians Gr e (M ) and we prove that we can deduce it from a polynomial property of varieties of representations which are easier to handle, namely the varieties of representations X such that dim Hom(X, M ) is equal to a fixed integer a.
In section 4, we give some results on smoothness. We realize the quiver Grassmannian as a geometric quotient of an affine variety and this enables us to obtain a description of the tangent space of Gr e (M ) at a point U ; we deduce the following e , m − e ≤ dim T U (Gr e (M )) ≤ e , m − e + dim Ext 1 (M, M ), where , is the Euler form on Z Q 0 identified with the Grothendieck group of mod kQ, see 4.2. This inequality implies clearly that the quiver Grassmannian is smooth if the module M is exceptional. This also provides a dimension estimate of the variety.
We introduce in section 5 some material on cluster algebras in order to explain the main application of the positivity theorem. As explained above, cluster variables for acyclic quivers are positive, which is a particular case of a conjecture of Fomin and Zelevinsky.
We end with an open problem tightly linked with the Euler characteristics and its positivity. Can we find a cellular decomposition of the quiver Grassmannian? Solving this problem can lead to some combinatorics for the calculus of χ c (Gr e (M )).
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1. Quiver Grassmannians.
1.1. Let k be a field. We fix a finite quiver Q such that the path algebra H = kQ is finite dimensional. Since this property is equivalent to the fact that Q has no oriented cycle, such a quiver will be called acyclic.
Let Q 0 be the set of vertices and Q 1 the set arrows of Q. Set n = #Q 0 . For any arrow h of Q 1 , we denote by s(h) its source and t(h) its target. We fix an ordering of Q 0 = [1, n] such that if there exists a (non trivial) path from j to i, then j < i. Since Q has no oriented cycles, it is possible to construct such an ordering.
A representation (V, x) of Q over k is a Q 0 -graded k-vector space V = ⊕ i∈Q 0 V i together with an element x = (x h ) h∈Q 1 in E V := h∈Q 1 Hom(V s(h) , V t(h) ). A morphism between two representations (V, x) and (V ′ , x ′ ) is a Q 0 -uple of (k-spaces) morphisms in i∈Q 0 Hom k (V i , V ′ i ) compatible with x and x ′ , i.e. inducing commuting square diagram. We denote by Rep k Q the category of (finite dimensional) representations of Q over k. For each vertex i, let S i be the associated simple representation. The Grothendieck group of the category Rep k Q can be identified with Z Q 0 via the dimension vector map dim :
There is a well known equivalence between Rep k Q and the category mod(kQ) of finite dimensional kQ-modules; hence a representation of Q will be naturally considered as a kQ-module.
The group
). Clearly, the isoclasses of a finite-dimensional H-module M are naturally identified with the points of a
For any finite dimensional H-module M , and any e in Z Q 0 , we denote by Gr e (M ) the Grassmannian of submodules of M with dimension vector e :
It is a closed subvariety (hence projective) of the classical Grassmannian of the vector space M .
We know that this variety is obtained by base change from a variety defined over Z. So the field k will sometimes be omitted. Let χ c be the Euler-Poincaré characteristic of l-adic cohomology with proper support defined by
1.2. We give here some basic properties for the computation of the characteristics of quiver Grassmannians. This first proposition asserts that we can restrict ourselves to the indecomposable case. Proof. It is sufficient to remark, see [3, Equation (26) ], that the map
is a surjective morphism of algebraic varieties with affine fibers. Now, we can calculate these characteristics for some particular Q-representations.
(1.1) χ c (Gr e (S i )) = 1 if e = dim (S i ) or 0 0 otherwise Let P i be the indecomposable projective module with top S i . It is known that if M is a submodule of P i , then either M = P i or M ⊂RadP i = ⊕ i→j P j . By this argument and the proposition above, we obtain (1.2) χ c (Gr e (P i )) = 1 + P e j =e ,j→i χ c (Gr e j (P j )).
This together with equation 1.1 provides an inductive formula for the ordering of Q 0 , which enables to compute the characteritics of projective modules. For injective modules, which are dual to projective modules, it is sufficient to see that
where D is the duality functor from RepkQ to RepkQ opp . 1.3. We now provide an inductive formula for the Euler characteristics of quiver Grassmannians of a wider class of modules called preprojective and postinjective modules. For this, we need to recall the definition of an almost split sequence and the Auslander-Reiten theorem, [1] .
A short exact sequence
in RepkQ is called almost split if the following conditions are satisfied (i) M and N are indecomposable (ii) The map σ does not split (iii) Given any representation N ′ and any morphism ρ : N ′ → N which is not a split epimorphism, then ρ factors through σ. The proposition that follows is a slight variation of proposition 1. Actually, the hypothesis passes from "split" to "almost split".
be an almost split sequence and let g be a dimension vector. Then,
Proof. As in the proof of proposition 1, it is sufficient to remark, see [3, Lemma 3.11] , that the almost split property implies that the map
is a morphism of algebraic varieties such that
The Auslander-Reiten theorem asserts that for any non injective indecomposable representation M , there exists a unique almost split sequence beginning with M . Dually, for any non projective indecomposable representation N , there exists a unique almost split sequence terminating in N .
For any non injective indecomposable representation M , let τ − M be the unique indecomposable representation (up to isomorphism) N such that 1.3 is almost split. By convention set
Dually, for any non projective indecomposable representation N , let τ + N be the (unique) indecomposable representation M such that 1.3 is almost split. By convention set τ + P = 0 if P is projective. The indecomposable representations of the form τ m + (I i ), m ∈ N, i ∈ Q 0 are called (indecomposable) postinjective representations.
Let P, resp. I, be the set of indecomposable preprojective, resp. postinjective, representations. By the Auslander-Reiten algorithm, P can be endowed with an ordering such that:
Hence, Proposition 2 gives a recursive formula to calculate the Euler characteristics of any quiver Grassmannian of a preprojective or postinjective representation. Namely, with the notation above,
Note that the positivity of Euler characteristics of quiver Grassmannians is not clear from this formula. It will be the subject of the two next sections.
Positivity
2.1. Let X be a complex quasi-projective variety, and let X R be a model of X over some finitely generated subring
Given a maximal ideal m ⊂ R, we can form the reduction X k of X R to a scheme over the finite field k = R/m. We say that X has the polynomiality property if there exists a polynomial P (t) ∈ Z[t] such that, for infinitely many maximal ideals m of R, the number of k-rational points of X k equals P (|k|) (note that this property in fact depends on the chosen model X R !). By a straightforward generalization of [18, Proposition 6.1], it is sufficient to require existence of a rational function P (t) ∈ Q(t) with this property.
In particular, we can consider the polynomiality property for the quiver Grassmannian, since it is defined over Z. We begin with a proposition which claims that the polynomiality of the quiver Grassmannian implies its "positive polynomiality".
Proposition 3. Let M be a finite-dimensional Q-representation and let e be in Z Q 0 . Suppose that the cardinality of Gr e (M ) Fq is a non zero integral polynomial P e ,M evaluated in q. Then, the polynomial P e ,M has positive coefficients. In particular, we have χ c (Gr e (M )) > 0.
Proof. The last assertion comes from the classical result χ c (Gr e (M ) ) = P e ,M (1), see for example [3, Lemma 3.5]. So, we just need to prove that P e ,M has positive coefficients. Actually, we will show that this is a consequence of Lusztig's theorems on canonical bases of quantum groups, [16] and [17] .
For
where N runs over the (finite) set of submodules of M . This defines an associative unital N Q 0 -graded algebra, the Hall algebra of Q (see [19] ).
For any isoclass X of F q Q-modules, let 1 X ∈ H(q) be the characteristic function of the corresponding orbit O X ∈ E dim X .
We have
For any dimension vector m , let 1 m be the constant function with value 1 on E m . Set m = dim M . Then it is easily seen that
Recall that we fixed an ordering of Q 0 = [1, n] such that if there exists a (non trivial) path from j to i, then j < i.
Consider the divided power
It is known that 1
Hence, 1 e is a product of elements of the canonical basis, and so is 1 m −e * 1 e . By Lusztig's positivity theorem, [16, Theorem 14.4.13] , the product of elements of the canonical basis has positive polynomial coefficients in the canonical basis. We can write:
Now, in order to apply 2.1, we need a description of the evaluation b(M ) of the function b on the module M .
A theorem of Lusztig, [17, Theorem 5.2], gives such a description. Actually, the function b is obtained by taking an alternating sum of traces of the Frobenius map on the cohomology of a simple perverse sheaf P b which is pure of weight 0. More precisely, we have 
For any nonnegative integer s, we can replace q by q s and obtain
As M and e are fixed, we now omit e and M in the formulas. We set
Let t be an indeterminate, we calculate by 2.5 the formal serie exp n≥1 P (q s ) t s s . As, p k ∈ Z (by hypothesis), c b,m ∈ Z ≥0 , we obtain:
We conclude that any a ij,b which is not cancelled in the right hand product is an integral power of q.
This implies that any a ij,b which is not cancelled in the right hand sum of 2.4 is an integral power of q. In particular, by the last equality of 2.3, we obtain that if a ij,b is not cancelled in the right hand sum of 2.4, then i is even.
Using 2.4 again, we see that P has nonnegative coefficients.
We will see in section 3 that this proposition implies the positivity of χ(Gr e (M )) in the Dynkin and extended Dynkin case. Recall that the Dynkin case was also proved in [7] .
2.2.
We study here the case where the module M has no self-extension. We will prove that the polynomiality, and so the positivity, is implied by this hypothesis. This example will be fundamental in section 5.
In the sequel, a Q-representation will be called exceptional if Ext 1 Q (M, M ) = 0. For example, any indecomposable preprojective or postinjective module is exceptional. This ends the proof.
Corollary 1. If M is a preprojective or a postinjective module, then any non empty quiver Grassmannian of M has positive Euler characteristics.
3.
A reformulation of the polynomiality property and its applications 3.1. Now, let's consider a completed version of the Hall algebra (compare [18] ) and perform some computations with certain generating functions in it. By applying an evaluation map, this yields an identity involving cardinalities of quiver Grassmannians over finite fields. Define H(q) := m ∈N Q 0 H m (q). The convolution product on H(q) of section 2 prolongs to a product on H. We also consider the skew commutative formal power series ring
We define the integral as the linear map :
The integral is in fact a C-algebra homomorphism by [18] .
We consider the following special elements of H(q):
where the last two sums run over all isomorphism classes of finite dimensional representations of F q Q. We write Hom(X, M ) for the space of F q Q-homomorphism, and Hom 0 (X, M ) for the subset of monomorphisms. Proof. By the definitions, we have |Hom(Z, M | · 1 Z = e X .
We integrate the three elements:
where E a,M m denotes the subset of E m consisting of representations X such that the dimension of Hom(X, M ) equals a. Finally,
To see this, we consider the set of pairs ([X], g) consisting of an isomorphism class of a representation X of dimension vector m , together with an injective map g : X → M . Sending such a pair to the image of g induces a surjection to Gr m (M ), whose fibres are precisely the Aut(X)-orbits of injective maps.
Since the integral is an algebra map, the lemma implies the following identity in
Comparing coefficients, this yields the following recursive formula:
Proposition 4. The cardinalities of the quiver Grassmannians are given by:
The above recursive formula now yields: In particular, this yields the polynomiality property of quiver Grassmannians in the case of Dynkin quivers without reference to the existence of Hall polynomials: in this case, each E a,M m is a union of finitely many G m -orbits in E m , all of which have the polynomiality property by identifying O X with the homogeneous space G m /Aut(X).
We can apply corollary 2 and proposition 3 to the extended Dynkin type.
Proposition 5. Let Q be a quiver of extended Dynkin type, let M be a kQ-module. Then, for any dimension vector e the quiver Grassmannian Gr e (M ) has the polynomiality property. If Gr e (M ) is non empty, then its Euler characteristics is positive.
Proof. The last assertion is a consequence of the first one by proposition 3. To prove the first one, we use proposition 1 to reduce to the case of indecomposable M . We will construct a decomposition of E m into a disjoint union of strata, such that 1. The number of strata is finite, 2. each stratum has the polynomiality property, 3. dim Hom( , M ) is constant along the stratum.
Points 1, 2, 3 imply that each variety E a,M m has the polynomial property; hence Corollary 2 provides the first assertion.
Recall the classification [4] of the indecomposable kQ-representations into preprojective, postinjective, regular homogeneous and regular non-homogeneous ones, reflecting the classification of the Auslander-Reiten components. All indecomposables of dimension vector a multiple of the minimal imaginary root δ are represented in these last two classes. Moreover, any regular homogeneous component contains a unique module with given dimension vector nδ, n > 0.
As M is indecomposable, it belongs to one of the A.R. components. We denote by C 0 this component if M is regular homogeneous. If not, we can just set C 0 = ∅ in the sequel.
Fix isomorphism classes P , I, R, C of a preprojective, resp. postinjective, resp. regular non-homogeneous representation, resp. C 0 -component representation, and fix finitely many partitions λ 1 , . . . , λ k . We define the stratum S = S P,I,R,C,λ 1 ,...,λ k ⊂ E m as consisting of all representations of the form
where the U i,j are regular homogeneous indecomposables of dimension vector j ·δ belonging to k pairwise different homogeneous components C 1 , . . . , C k (different from C 0 ), that is, U i,j belongs to C i for all i, j. Since there are at most finitely many isomorphism classes of preprojective or postinjective or regular non-homogeneous indecomposables of any given dimension vector, this defines a finite stratification of E m . Hence, point 1 is verified.
Since the number of isomorphism classes of indecomposable representations of any given dimension vector behaves polynomially in the cardinality of the finite base field by [6] , the number of isomorphism classes in each stratum S does, too. So, let P S (q) be the polynomial counting the number of isomorphism classes of indecomposable representations in S.
By standard facts on morphisms between indecomposables over extended Dynkin quivers [4] (in particular, the standard directedness properties and orthogonality of regular components), the isomorphism type of the automorphism group of a representation is constant along each stratum. Thus, the cardinality of orbits is constant, say #O S , along each stratum. From these facts, we conclude that #S = P S (q)#O S . Moreover, an orbit has the polynomial property, so point 2 is proved.
Again by [4] , dim Hom( , M ) is constant along each of these refined strata; this gives point 3 and we are done.
The tangent space of the quiver Grassmannian.
This section is devoted to the calculation of the tangent space of the quiver Grassmannian Gr e (M ). As a corollary, we obtain the smoothness of the variety Gr e (M ) when M is an exceptional module.
be a representation of Q over k of dimension vector m , and let e be another dimension vector. We still denote by E e the variety of representations of Q over k of dimension vector e , and by G e the group acting on it.
Fix k-vector spaces U i of dimension e i for all i ∈ I and define Hom(e , m ) as the space of I graded linear maps i∈I Hom k (U i , M i ).
Consider the subvariety Hom 0 (m , M ) of R e × Hom(e , m ) consisting of pairs of tuples ((U α ) α , (f i ) i ) such that all f i are injective, and M α f i = f j U α for all arrows α : i → j. Thus, Hom 0 (m , M ) parametrizes representations of dimension vector e together with an injective kQ-morphism to M . The group G e acts freely on Hom 0 (m , M ) by (g i ) i ((U α ), (f i )) = ((g j U α g −1 i ) α:i→j , (f i g −1 i )). Lemma 2. The quiver Grassmannian Gr e (M ) is isomorphic to the geometric quotient Hom 0 (m , M )/G e . Proof. Consider the map φ : Hom 0 (m , M ) → Gr e (M ), which maps an element ((U α ),
Suppose that ((U α ), (f i )) and ((U ′ α ), (f ′ i )) have the same image by φ. Hence, for any i,
The maps x → y define an element g i of Aut(U i ). This gives
). Hence each fiber of φ is a (free) G e -orbit. This implies the lemma.
Note that the following proposition generalizes a well-known result for classical Grassmannian of vector spaces. Proposition 6. Let M be a kQ-module of dimension vector m , and let U be a submodule of M of dimension vector e . Then, the tangent space T U (Gr e (M )) at U of the quiver Grassmannian Gr e (M ) is isomorphic to Hom kQ (U, M/U ).
Proof. To compute the tangent space T U (Gr e (M )), we fix a point ((U α ), (f i )) in Hom 0 (e , M ) in the fiber φ −1 (U ), compute the tangent space T of Hom 0 (e , M ) at this point, and factor it by the image of the differential of the action of G e .
To compute T , we perform a calculation with dual numbers: since R e × Hom(e , m ) is just an affine space, an element of the tangent space at the point ((U α ), (f i )) looks like × Hom(e , m ) . The condition for this to belong to the tangent space T is therefore:
for all α : i → j, which yields the condition
for all α : i → j.
The differential of the action of G e is computed by applying the definition of the action to a point ((1 + ǫx i ) i ) of T 1 G e :
). By the above, we arrive at the following formula for the tangent space to the quiver Grassmannian:
To understand this condition better, we can assume without loss of generality that M α is given as a 2 × 2-block matrix
for all α, and that f i = 1 0 for all i (1 representing the identity matrix). We also write A i = B i C i for all i ∈ I. Then the condition 4.1 reads
yielding the two conditions
The subspace to be factored out reads
Hence, choosing x i = −B i , we can assume each B i to be zero. We also see that each ζ α is uniquely determined by B i and C i by the above formula. So the only remaining choices are the C i , subject to the condition N α C i = C j U α for all α : i → j. This condition just means that C = (C i ) defines a kQ-morphism from U to N = (N α ) α , and N can be identified with M/U . This proves the proposition. Proof. As M is exceptional, Ext 1 (M, M ) = 0 and so the dimension of the tangent space is always e , m − e by the previous corollary. This implies that Gr e (M ) is smooth. It is projective since it is a closed variety inside the classical Grassmannian of M which is projective.
Note that this corollary does not imply the last part of theorem 1 since smooth projective varieties may have non positive characteristics.
5.
Application to acyclic cluster algebras 5.1. We recall some terminology on cluster algebras. The reader can find more precise and complete information in [12] and [13] .
Let n be a positive integer. We fix the ambient field F := Q(x 1 , . . . , x n ), where the x i 's are indeterminates. Let x be a free generating set of F over Q and let B = (b ij ) be an n × n antisymmetric matrix with coefficients in Z. Such a pair (x, B) is called a seed.
Let (u, B) be a seed and let u j , 1 ≤ j ≤ n, be in u. We define a new seed as follows. Let u ′ j be the element of F defined by the exchange relation: (u, B) is a seed. It is called the mutation of the seed (u, B) in the direction u j (or j). We consider all the seeds obtained by iterated mutations from the seed (x, B). The free generating sets occurring in the seeds are called clusters, and the variables they contain are called cluster variables. By definition, the cluster algebra A(x, B) associated to the seed (x, B) is the Z-subalgebra of F generated by the set of cluster variables. The graph whose vertices are the seeds and whose edge are the mutations between two seeds is called the mutation graph of the cluster algebra.
Let Q be an acyclic finite quiver, we can associate a matrix
where Q 1,ij is the set of arrows from i to j. The cluster algebra associated to the seed (x, B Q ) will be denoted by A(Q).
5.2.
We denote by E Q the set of exceptional indecomposable Q-representations. According to [8] , see also [3] , there exists a bijection β from the set E Q to the set Cl Q of cluster variables of the cluster algebra A(Q). The bijection is given by
Note first that this formula precises, in the acyclic case, the Laurent phenomenon, see [12] , true in general, and which asserts that the cluster variables are Laurent polynomials with integer coefficients in the x i , 1 ≤ i ≤ n.
This theorem answers a positivity conjecture of Fomin and Zelevinsky in the acyclic case. It is a direct consequence of Theorem 1 Theorem 2. Let Q an acyclic quiver and A(Q) be the associated cluster algebra. Then, the cluster variables are in Z ≥0 [x ±1 1 , . . . , x ±1 n ]
We deduce another proof of the denominator property in the acyclic case, [8] , [2] , [14] .
Corollary 5. Let M be an exceptional indecomposable kQ-module with dimension vector dim M = (m i ). Then the denominator of X M as an irreducible fraction of integral polynomials in the variables x i is i x m i i .
Proof. By the positivity theorem, X M is a linear combination with positive integer coefficients of terms x n l l , n l ∈ Z. These terms are indexed by the set of dimension vectors of submodules N of M , and for each submodule N , we have that
Let us put d = dim M and e = dim N . Then it is sufficient to prove that 1. for all l, we have n l ≥ −d l and 2. for all l, there exists a submodule N such that the equality holds.
Since we have 0 ≤ e i ≤ d i for all i, the first assertion is clear. For the second one, we simply choose N to be the submodule of M generated by all the spaces M j such that there exists an arrow l → j. Then the terms in i→l e i vanish since Q has no oriented cycles and the terms in l→j (d j − e j ) vanish by the construction of N .
where X j is an affine space endowed with a left B-action.
Hence, there comes:
Proposition 7. We have the following decomposition where X j are affine spaces with a regular H * -action.
The problem is that this decomposition has no reason to be a cellular decomposition since the action of B on the affine cell X j is in general not affine. But the method may afford nice formulas when the Q-representation M is well understood. 6.2. Let us describe some results of [9] , obtained by using a Schubert decomposition.
Let Q be the Kronecker quiver with vertices 1 and 2 and two arrows α, β from 1 to 2. The isoclasses of indecomposable Q-representations where found by Kronecker, [15] , and are described a follows Let M n be the Q-representation defined by α(u i ) = v i , β(u i ) = v i+1 , 1 ≤ i ≤ n, where (u 1 , . . . , u n ), resp. (v 1 , . . . , v n+1 ), is a base of M n 1 , resp. M n 2 . Let DM n be the dual Q-representation of M n , ie the spaces are the dual spaces (M n 2 ) * , and (M n 1 ) * , and the arrows are just the adjoint morphisms. Let M reg (λ) n , λ ∈ k, be the Q-representation defined by α(u i ) = v i , β(u i ) = λv i + v i+1 , 1 ≤ i ≤ n, where (u 1 , . . . , u n ), resp. (v 1 , . . . , v n ), is a base of M reg (λ) n 1 , resp. M reg (λ) n 2 . Then, M n , DM n , n ≥ 0; M reg (λ) n , n > 0, λ ∈ k, is the complete set of isoclasses of indecomposable Q-representations.
Using the method above one finds,
